Abstract. A strongly singular linear integral equation containing a small positive parameter 5 is considered. This equation is transformed into a Fredholm integral equation of the second kind with a continuous kernel. The rate of convergence of the Neumann series for this integral equation is shown to be o(S ). An example from fracture mechanics is considered in detail.
1. Introduction. We consider the following integral equation A recent theoretical investigation by Nemat-Nasser and Hori [3] of the bridging of cracks in brittle materials through fiber reinforcement has provided a formulation of the problem as an integral equation. For the special case of a crack normal to the fibers with constant bridging stiffness, the integral equation takes the form (1.1) with a = 0 and m(x) = -n~{ log|x|. Olmstead and Gautesen [4] , Hori and Nemat-Nasser [2] , and Willis and Nemat-Nasser [5] have considered this example asymptotically for small 8 . In the first two papers the authors give the leading order term in the asymptotic expansion of the solution u without any indication of how to obtain higher-order terms. Only in the latter work is a systematic method for obtaining the higher terms given. They use the method of inner and outer expansions to obtain the solution to o(S ). By this method, however, proceeding to higher-order terms is laborious. In addition, when their asymptotic approximation for u to any order in S is substituted into (1.1a), singularities occur at x = 0 and 1. Our method does not have this difficulty.
The main result of this work is to show that under suitable assumptions about the kernel k(x), u(x) satisfies the Fredholm integral equation of the second kind u(x) + S m{(x, y)u(y) dy = FJx), 0 < at < 1, ( For x > 0, assumptions (1.6) and (1.7) allow us to deform the ^-contour in (1.10) to the contour C* where for <* = a + ir, C( = {a = -ar, t < -t(} U {|ct| < ar, t =-rj U {a = ar, r <-t;}. The last integral follows from (1.12). Thus we assume we can write b{x)~dbx{x) + o{d), x>0, (1.22) where b{(x) = m"(x) + a2 m(x) and m"(x) denotes the second derivative.
In the next section we derive our main result (1.3). In the last section we show that m{(x, y) ~ o{5) and consider in detail the example from fracture mechanics. Also, we briefly indicate the changes required when the first term u(x) in (1.1a) is replaced by q{x)u{x).
2. Integral identities. We can also write the integral equation (1.1) as
and c0 is given by (1.14), and without loss of generality, we can assume that
If / does not satisfy (2.4), we write f(x) -f{(x) + f2(x) where fx{x) = + /(1 -x)) and f2(x) = \{f{x)~ /(I -x)). Then fx and f2 satisfy (2.4). Since K is linear, we can write u = m, + w2 where Kut = fr As a consequence of (2.4), we have
We show below that (2.1) can also be expressed as where The inverse of the operator on the left side of (2.54) is the operator dz n(z-x). Thus (2.54) can also be expressed as /OO r OO n(s -x)U3(s) ds + J n(x + s)U3(-s) ds, 0 < x < 1. (2.55)
In the first integral we let 5 = 1 +t to find that it is given by U2{xQ). From (2.53) it follows that U3{-x) = eU3( 1 +x). The last integral, then, is eU2(x). We have thus proved (2.49).
To establish (2.51), we shall use an identity from Gautesen [1] , His equation (1.2) with X = 1 is identical to our equation (2.1 where Fx(x) is given by (2.11). Letting s = -t in the last integral in (2.58) we find by (2.12) that it is U(x). Next we substitute for U^-s) from (2.13) in the first integral in (2.58) and use (2.10) to perform the 5 integration. The result is that this integral is U2(x0), where U2{x) is given by (2.50). Thus we have proved (2.51).
3. Asymptotics and example. In this section we consider the integral equation (2.43) when 3 is small and the example from fracture mechanics. We shall show that the kernel m{(x, y), as defined by (2.44) bx(x) is defined by (1.23), and B(x) is given by (2.26). When this approximation is substituted into (2.44), the result is mx(x, y) ~ o(5). Thus, we have the approximation (3.1).
To establish (3.3), we obtain an alternate representation of g(x, t). From (2.10) and n(t) = n(-t), we have S(0, t) = n(t).
(3.5)
Integration of (2.32) with respect to x from 0 to x yields
Jo where we have used the relation </>(0) = b(0) = 1 , which follows from (3.4) and (1.17). To obtain an asymptotic expression for n{x), x > 0, we note that
where C( is the contour defined by (1.11), bx(x) is given by (1.23), and the relations (1.13) and (1.14) have been used. Thus, by (1.22) and (3.7), we have f Jo Substitution of (3.7), (3.8), and (3.11) into (3.6) yields (3.3).
Thus we can make the approximation 
